In this paper, we consider the following high-order p-Laplacian neutral differential equation with singularity:
Introduction
In this paper, we consider the following high-order p-Laplacian neutral differential equation with singularity:
x(t) x (t) + g t, x(t -σ ) = e(t), (.)
where p ≥ , ϕ p (x) = |x| p- x for x =  and ϕ p () = ; g :
Carathéodory function, i.e., it is measurable in the first variable and continuous in the second variable, and for every  < r < s there exists h r,s ∈ L
 [, T] such that |f (t, x(t))| ≤ h r,s
for all x ∈ [r, s] and a.e. t ∈ [, T]. g(t, x) being singular at  means that g(t, x) becomes unbounded when x →  + . τ and σ are constants and  ≤ τ , σ < T; e : R → R is a continuous
periodic function with e(t + T) ≡ e(t) and
T  e(t) dt = . T is a positive constant, c is a constant and |c| = ; n, m are positive integers.
Generally speaking, differential equations with singularities have been considered from the very beginning of the discipline. The main reason is that singular forces are ubiquitous in applications, gravitational and electromagnetic forces being the most obvious examples. In , Lazer and Solimini [] discussed the second-order singular equation
and they showed that, if h(t) was continuous and T-periodic, then for all α >  a positive T-periodic solution existed if and only if h(t) had a positive mean value. Afterwards, they studied the singular equation
and they found that if α ≥ , a positive T-periodic solution existed if and only if h(t) had a negative mean value. This last result was best possible in that for any α,  < α < , h can be chosen so that h had a negative mean value and the equation had no T-periodic solution. However, the singular differential equation (.), in which there are p-Laplacian and high-order cases, has not attracted much attention in the literature. There are not so many results concerning the existence of a positive periodic solution for (.) even when we have a neutral operator. In this paper, we try to fill gap and establish the existence of a positive periodic solution of (.) using coincidence degree theory. Our new results generalize in several aspects some recent results contained in [] .
In what follows, we need the notations:
Preparation
Define operators A as follows:
Let X and Y be real Banach spaces and L : 
Then the equation Lx = Nx has a solution in ∩ D(L).
In order to apply coincidence degree theorem, we rewrite (.) in the form
is a T-periodic solution to (.), then x  (t) must be a T-periodic solution to (.). Thus, the problem of finding a T-periodic solution for (.) reduces to finding one for (.).
Now, set
Clearly, X and Y are both Banach spaces. Meanwhile, define
and
So L is a Fredholm operator with index zero.
where (Ax  ) (i) (), i = , , . . . , n - are defined by the following:
and c j = For the sake of convenience, we list the following assumptions which will be used repeatedly in the sequel:
for all x >  and a.e
. t ∈ [, T]. Moreover, ψ ∈ C(R, R) and ψ(t + T) = ψ(t). (H
 ) g(t, x) = g  (x) + g  (t, x), where g  ∈ C((, ∞); R) and g  : [, T] × [, ∞) → R is an L  -Carathéodory function. (H  )   g  (x) dx = -∞. (H  ) There exist two positive constants a, b such that f x(t) ≤ a|x  | p- + b, ∀x ∈ R.
Theorem . Assume that conditions (H  )-(H  ) hold. Suppose one of the following conditions is satisfied: (i) p >  and
(ii) p =  and
Then (.) has at least one positive T-periodic solution.
Proof Consider the equation
Integrating of both sides of (.) from  to T, we have 
Then we have
Combing the above two inequalities, we obtain
from Lemma . and the first equation of (.), we have
On the other hand, from x
(t  ) = , which together with the integration of the second equation of (.) on the
Then we get from (H  ) and (.) that
Substituting (.) and (.) into (.), and from (H  ), we have
For a given constant δ > , which is only dependent on k > , we have
From the Wirtinger inequality (see [] , Lemma .), we get
From the Wirtinger inequality, we can easily get
for some constant M  , which is independent on λ, x, and t. In view of the strong force condition (H  ), we know that there exists a constant M  >  such that
The case t ∈ [, τ ] can be treated similarly. From (.), (.), and (.) and (.), we let 
